Abstract. We study the operators of differentiation and of integration and the Hardy operator on weighted Banach spaces of entire functions. We estimate the norm of the operators, study the spectrum, and analyze when they are surjective, power bounded, hypercyclic, and (uniformly) mean ergodic.
Introduction and notation
The aim of this paper is to study the following three operators on weighted spaces of entire functions defined by means of sup norms: the differentiation operator Df (z) = f (z), the integration operator Jf(z) = f (ζ)dζ, z ∈ C. The continuity of the differentiation and the integration operators between weighted Banach spaces of holomorphic functions has been studied by Harutyunyan and Lusky [13] . The continuity of these two operators on weighted Banach spaces of entire functions associated to a weight v is determined by the growth or decline of v(r)e αr for some α > 0 in an interval [r 0 , ∞[. The surjectivity and the spectrum of the differentiation operator on weighted Banach spaces of entire functions were studied by Atzmon and Brive [2] . Although there is a huge literature on the Hardy operator on different function spaces (see e.g. [1] ), it seems that it has not yet been studied in the context considered in our paper. Bonet [8] (see also [9] ) investigated when the operator of differentiation is hypercyclic or chaotic on weighted Banach spaces of entire functions. It is our purpose to continue this work by analyzing other operators as well as other properties related to the dynamical behaviour of the operator, such as being power bounded or mean ergodic, thus also complementing work by Bonet and Ricker [10] about mean ergodic multiplication operators.
A continuous and linear operator T from a Banach space E into itself is called power bounded if the sequence of its iterates (T n ) n∈N is equicontinuous. By the uniform boundedness principle this happens if and only if the orbit (x, T x, T 2 x, . . . ) is bounded for every x ∈ E. The operator T ∈ L(E) is called hypercyclic if there is x ∈ E with a dense orbit. We refer the reader to the recent books by Bayart and Matheron [3] and by Grosse-Erdmann and Peris [12] for linear dynamics. T n x, x ∈ E, exist in E. A power bounded operator T is mean ergodic precisely when E = Ker(I − T ) ⊕ Im(I − T ). Here I stands for the identity on E. If the convergence is in the operator norm, the operator is called uniformly mean ergodic. Clearly, if T is mean ergodic, then lim n→∞ ||T n x||/n = 0 for each x ∈ E, and if it is uniformly mean ergodic, lim n→∞ ||T n ||/n = 0. If this condition is satisfied, the operator T is uniformly mean ergodic if and only if Im(I −T ) is closed [16] . An operator T is said to be quasi-compact if T n is compact for some n ∈ N . Quasi-compact operators share some properties of compact operators, in particular the spectrum σ(T ) of a quasi-compact operator T reduces to its eigenvalues and {0}. Our notation for functional analysis and operator theory is standard. We refer the reader e.g. to [21] and [23] . For ergodic theory of operators on Banach spaces, see [15] .
In what follows H(C) and P will denote the spaces of entire functions and of polynomials, respectively. The space H(C) will be endowed with the compact open topology τ co . It is easy to see that the three operators D, J and H are continuous on H(C). [19] . The Cesàro means of the Taylor polynomials satisfy [4] . Clearly, changing the value of v on a compact interval does not change the spaces and gives an equivalent norm. 
In this case the norm will be denoted by || || a,α . Spaces of this type appear in the study of growth conditions of analytic functions and have been investigated in various articles; see e.g. [4, 5, 7, 11, 19, 20] and the references therein.
Our main theorem summarizes our results for the spaces H 
Preliminaries
Our first result is inspired by [8, Proposition 1.1].
Proof. The equivalences (i)-(ii) and (iii)-(iv) follow from the closed graph theorem.
(ii) ⇒ (iii) comes easily from the fact that the polynomials are dense in
Hence, from the τ co -compactness of the closed unit ball and the τ co -continuity of T, we conclude [4] and [6] . It is a well-known fact that
The assertion about the spectra is clear as the bi-transpose T of T : H
As the three operators under consideration satisfy the hypothesis of the previous result, in what follows we will write
and σ v (T ) for the spectrum. The notation ||T || a,α , ||T || α , σ a,α (T ), and σ α (T ) will refer to the cases v(r) = r a e −αr and v(r) = e −αr , respectively.
Lemma 2.2. J − λI is injective on H(C) for each λ ∈ C.
Proof. 
Proof. The implications (i) ⇔ (ii) and (iii) ⇒ (i) are clear from Lemma 2.1. We show (ii) ⇒ (iii).
Suppose first that T = D is uniformly mean ergodic on H 0 v (C). Since the polynomials are dense and the sequence (
For T = J, we only have to prove that lim N
By Lemma 2.2, the conclusion follows. If T is uniformly mean ergodic, since lim N 
n!n ) n tends to zero). Proof. This follows easily from the inequalities
For weights v(r) = r a e −αr (α > 0, a ∈ R) for r ≥ r 0 for some r 0 ≥ 0, we have
with equality for v(r) = e −αr , r ≥ 0. It is enough to estimate the maximum of the function g(r) = r n+a e −αr and to have in mind that the weight v may change in a compact interval. , and a fortiori the orbit of an element, cannot be dense. Now suppose that J n f = f for some f = 0 and some n ∈ N. We have f − D n f = 0; therefore f consists of a linear combination of e λ k z where λ k are the roots of λ n − 1 = 0. Then it is easy to see that J n f = f implies f = 0.
Proposition 3.2. Let v be a weight such that v(r)e αr is non-increasing for some α > 0. Then, J is continuous with ||J||
Therefore ||J n || v ≤ 1/α n . The statement about σ v (J) follows immediately. On the other hand, for v(r) = e −αr , we have
We can apply the Stirling formula to conclude 
Proposition 3.3. Let v be a weight such that J is continuous on H
Proof. (i) The first statement follows from the estimates of the norm of J n in Proposition 3.2.
Moreover, for each k ∈ N,
By the Stirling formula, this implies that successive iterates tend to zero on the polynomials. As J is power bounded and the polynomials are a dense subset, (J n (f )) n converges to zero for each f ∈ H 0 v (C). This implies that
n! ) and the sequence (
) n for a > 1/2 is unbounded, we conclude that J is not power bounded by Lemma 2.4.
(iii) The sequence (||J n || v ) n tends to zero by Proposition 3.2; therefore
Hence, J is uniformly mean ergodic. Proof. All the statements but one follow from Theorem 3.5. It remains to show that J is not mean ergodic on H ∞ 1 (C). The space H ∞ 1 (C) is a Grothendieck-Banach space with the Dunford-Pettis property since it is isomorphic to ∞ by Galbis [11] or Lusky [20] . As ||J n || 1 /n → 0, we can apply [17, Theorem 8] 
For a ≤ 0 :
and the equality holds for a = 0.
Proof. In case a ≤ 0 the upper estimate follows from [2, Proposition 1]. For a > 0, we use Cauchy's formula for the nth derivative and the fact that (1 + r) a is submultiplicative to get, for all n ∈ N,
for some C > 0. Taking the infimum over R > 0, we get the estimate.
For the lower estimate we use that Proof. Denote by e λ (z) := e λz and by M λ f (z) := (e λ f )(z). We have
and
We have
It remains to show that for |λ| < α,
Integrating along the segment between 0 and z, we get 
for |λ| < α. Integrating by parts
from where the conclusion follows. 
Proof. (i) It is enough to observe that
, which tends to infinity by the Stirling formula.
(
which is not the case for
Therefore, H 2 (f ) belongs to the closure of the polynomials, and thus to H 0 v (C). The argument above also shows that the finite rank operators
from where the compactness of H 2 follows.
Finally, suppose that the integration operator J :
From here we also conclude that given a bounded set B ⊆ H ∞ v (C) and > 0, there exists R > 0 such that for every f ∈ B and |z| > R, v(|z|)|H(f )(z)| < , and the conclusion follows by [22, Lemma 2.1] .
By the work of Harutyunyan and Lusky [13] , the integration operator J is not continuous on H [4] or [6] , and H is weakly compact as an operator on both spaces H 
